Abstract: The near-side ridge observed in A+A collisions at RHIC has been described as arising from the radial flow of Glasma flux tubes formed at very early times in the collisions. We investigate the viability of this scenario by performing a non-perturbative numerical computation of double inclusive gluon production in the Glasma. Our results support the conjecture that the range of transverse color screening of correlations determining the size of the flux tubes is a semi-hard scale, albeit with non-trivial structure. We discuss our results in the context of ridge correlations in the RHIC heavy ion experiments.
Introduction
At very high energies, the collision of two nuclei can be conveniently described as the collision of two Color Glass Condensates (CGCs) [1, 2, 3] . In this description, the wavefunctions of the nuclei are comprised of high occupation number classical gluon fields at small x coupled to static light cone color sources at large x. The separation between fields and sources evolves with energy; one obtains evolution equations for multi-parton correlations in the nuclear wavefunctions called JIMWLK renormalization group equations [2] . After the collision, the coherence of the nuclear wavefunction is lost; large x sources are no longer static and become sources for multi-particle production in the forward light cone [4] . For early times τ ∼ 1/Q s , where Q s is the saturation scale, the non-equilibrium produced matter with high occupation number of order 1/α s has remarkable properties [5, 6] and is termed the Glasma [7] . For reviews, see Ref. [8] .
Recently, high energy factorization theorems were derived for inclusive multi-gluon production in a rapidity interval ∆y 1/α s [9, 10] in A+A collisions. The result can be expressed very compactly as [10] 
The Z's are gauge invariant weight functionals that describe the distribution of color sources at the rapidity of interest. They are obtained in full generality by evolving the JIMWLK equations from an initial rapidity close to the beam rapidity. In the large N c limit, the weight functionals Z can instead be obtained from the simpler mean field BalitskyKovchegov (BK) [11] equation. In this case, they can be represented as non-local Gaussian distributions in the sources [12] . For large nuclei, without significant small x evolution, one recovers the local Gaussian distributions of the McLerran-Venugopalan (MV) model [1] . We emphasize that the validity of eq. (1.1) is restricted to the kinematics where all the produced particles are measured within a rapidity interval 1/α s from each other, so that we can evaluate Z at this same rapidity y 1 ≈ · · · ≈ y n ≈ y. The generalization to larger rapidity separations is non-trivial because one needs to account for the gluon radiation in the region between the tagged gluons. A formalism describing arbitrarily long range rapidity separations has been developed recently [13] . For simplicity, we shall not consider it further here. The leading order single particle distributions in eq. (1.1) are given by For each configuration of sources ρ 1 and ρ 2 respectively, of each of the nuclei, one can solve classical Yang-Mills equations to compute the gauge fields A cl. µ [ρ 1 , ρ 2 ] in the forward light cone [14, 15, 16, 17, 18] . When our expression for the corresponding single inclusive distribution is substituted in eq. (1.1), and the distributions are averaged over with the distributions Z, one has determined from first principles (to all orders in perturbation theory and to leading logarithmic accuracy 1 in x), the n-gluon inclusive distribution in high energy A+A collisions at proper times τ ∼ 1/Q s . As noted previously, eq. (1.1) is valid only for ∆Y 1/α s ∼ 3 − 5 units of rapidity in A+A collisions at RHIC and the LHC respectively.
In the nuclei, before the collision, the typical range of color correlations is of the order of the inverse saturation scale Q −1 s , where Q s −1 < Λ QCD −1 . The saturation scale at a given transverse position in the nucleus depends on the two dimensional transverse projection of the nuclear matter distribution. In eq. (1.1), it appears in the initial conditions for the Z functionals; the energy evolution of the saturation scale is determined by the JIMWLK renormalization group equations. Because the saturation scales in the two nuclei are the only scales in the problem (besides nuclear radii), their properties determine the energy and centrality dependence of the inclusive observables.
The expression in eq. (1.1) is remarkable because it suggests that in a single eventcorresponding to a particular configuration of color sources-the leading contribution is from n tagged gluons that are produced independently. The coherence in n-gluon emission is generated by averaging over color sources that vary from event to event. Because the range of color correlations in the transverse plane is of order 1/Q s , the high energy factorization formalism suggests an intuitive picture of correlated multiparticle production arising from event by event fluctuations in particle production from ∼ R 2 A /1/Q 2 s = R 2 A Q 2 s color flux tubes of size 1/Q s .
The color flux tubes, called Glasma flux tubes, are approximately boost invariant in rapidity because of the underlying boost invariance of the classical fields 2 . Besides providing the underlying geometrical structure for long range rapidity correlations, the Glasma flux tubes also carry topological charge [6] , which may result in observable metastable CPviolating domains [19] . While eqs. (1.1) and (1.2) describe particle production from the Glasma flux tubes, they do not describe the subsequent final state interactions of the produced gluons which become important for times τ ≫ 1/Q s .
If, as widely believed, the produced matter thermalizes by final state interactions, these will not significantly alter long range rapidity correlations because the effects of fragmentation, hadronization or resonance decays are typically restricted to ∆y ≈ 1 ≪ 1/α s . However, radial flow will have a significant effect on the observed angular correlations. This is because particles produced isotropically in a given flux tube will be correlated by the radial outward hydrodynamic flow of the flux tubes. Ideas on the angular collimation of particle distributions by flow were discussed previously in the literature [20, 21] . When combined with the long range rapidity correlations provided by the Glasma flux tubes, they provide a natural explanation [22, 23] of "ridge" like structures [24, 25] seen in the nearside spectrum of two particle correlated hadron pairs in A+A collisions. A similar structure is seen in three hadron correlations as well [26] .
These structures were first seen in near side events with prominent jet like structures, where the spectrum of associated particles is observed to be collimated in the azimuthal separation ∆ϕ relative to the jet and shows a nearly constant amplitude in the strength of the pseudo-rapidity correlation ∆η up to ∆η ∼ 1.5 [24] . The name "ridge" follows from the visual appearance of these structures as an extended mountain ridge in the ∆η-∆ϕ plane associated with a narrow jet peak. This collimated correlation persists up to ∆η ∼ 4 [27] . An important feature of ridge correlations is that the above described structure is seen in two particle correlations without a jet trigger and persists without significant modification for the triggered events [28] . These events include all hadrons with momenta p T ≥ 150 MeV. In such events, a sharp rise in the amplitude of the ridge is seen [28, 29] in going from peripheral to central collisions. A number of theoretical models have been put forth to explain these ridge correlations [21, 30] . For a recent critical evaluation of these models, we refer the reader to Ref. [31] .
In this paper, our primary purpose is to discuss how the Glasma flux tube picture arises ab initio from solving eqs. (1.1) and (1.2). In Ref. [22] , it was argued that the two particle correlation function 3) in the Glasma flux tube picture took on the simple geometrical form 4) where the right hand side of this relation is simply a non-perturbative constant κ 2 multiplied by the ratio of the transverse area of the flux tube to the transverse overlap area of the nuclei. This nice geometrical identity however is a conjecture based on a perturbative computation whose regime of validity is the kinematic region p T , q T ≫ Q s , where one expects additional contributions, besides those arising from strong sources, to contribute significantly. Similar arguments, based on perturbative computations were used to generalize the result in eq. (1.4) to 3-particle correlations [32] and subsequently, even n-particle correlations [33] . In the latter paper, it was shown that the general structure of n-gluon emissions is a negative binomial distribution. Because the geometrical structure of the correlations is so striking and with manifest consequences, it is important to establish that is has a validity beyond perturbation theory. The perturbative expressions extended to lower momenta are strongly infrared divergent so it is not obvious whether they are regulated in that regime by the confinement scale of the order of Λ QCD or instead a semi-hard scale of order Q −1 s arising from the weak coupling albeit non-perturbative dynamics of the Glasma fields. We will tackle the problem head-on in this paper and investigate the form of eq. (1.3) in this paper. We will do so by solving the Yang-Mills equations in eq. (1.2) in full generality numerically on a space-time lattice. Our non-perturbative results from the lattice simulations are valid 3 in the entire kinematic domain of transverse momenta-from the smallest infrared scale given by the lattice size to the largest ultraviolet scale given by the lattice spacing. In physical units, these correspond to the inverse nuclear size and large momenta (p T , q T ≫ Q s ).
One can of course, on dimensional grounds, always express the r.h.s of eq. (1.4) as shown. However, κ 2 in general can depend on the dimensionless ratios Q s /p T , Q s /q T , the relative azimuthal angle ∆ϕ between the two gluons, and the dimensionless combinations Q s R A and m/Q s , where m is an infrared scale of order Λ QCD and R A is the nuclear radius. We will examine the dependence of κ 2 on these parameters carefully and discuss what they tell us about the structure of correlations. We find that the Glasma flux tube picture is valid; however, while the size of transverse correlations is still a semi-hard scale, it is not simply Q s and does display some sensitivity to infrared physics. Our results are important for quantitative explanations of the ridge as resulting from Glasma flux tubes. In the semiquantitative computation of Ref. [23] , κ 2 was implicitly taken to be a free parameter and fit to the data-we will compare our result to this value. We will also compare our result to the value obtained by comparing the Glasma multiplicity distribution [33] to PHENIX data on multiplicity distributions at RHIC [34] .
In section 2, we will review perturbative computations of multi-particle production in the Glasma. The non-perturbative computation will be discussed in Section 3. We will briefly outline the numerical approach, clearly stating the lattice parameters, their relation to physical parameters, and the approach to the continuum limit in the transverse and longitudinal co-ordinates. We will then systematically study the dependence of our results on the saturation scale, the nuclear size and the infrared cutoff m. In section 4, we will discuss the physical implications of our results and further refinements for quantitative comparison with experiment. We will end with a brief summary of our key results. Some details of the numerical computation are discusssed in an appendix.
Perturbative results for multi-particle production
The perturbative computation of two, three and n-gluon correlations in the Glasma have been discussed elsewhere [22, 32, 33] . For completeness, we will briefly review the results here. The correlated two particle inclusive distribution can be expressed as
where the classical contribution to the amplitude for the production of a pair of gluons with momenta p and q is
Here the ǫ's are the polarization vectors of the gluons and a, a ′ are the color indices of the gauge fields. The average · · · in eq. (2.1) is an average over the color configurations of the two nuclei; this average will be discussed further shortly. The gauge fields have a very non-trivial, non-linear dependence on the sources ρ 1 and ρ 2 , which evolves as a function of the proper time τ . As mentioned previously, they can be determined by numerically solving Yang-Mills equations for τ ≥ 0 with initial conditions at τ = 0 given by the gauge fields of each of the nuclei before the collision [14, 15, 17] . We will discuss these numerical solutions further in the next section. For large transverse momenta p T ≫ Q s , however, the equations of motion can be linearized and one can express the classical gauge fields produced in the nuclear collision as [5, 35, 36, 37] 
Here f abc are the SU(3) structure constants, L µ is the well known 4 Lipatov vertex and ρ 1 , ρ 2 are respectively the Fourier transforms of the color charge densities in the two nuclei [3] . From eq. (1.1), the average in eq. (2.1) corresponds to
In the MV model [1, 38] 
where ρ can be either ρ 1 or ρ 2 . As we will discuss further in the next section, the color charge squared per unit area µ 2 A can be expressed simply in terms of Q s . We will consider this Gaussian model in the rest of this paper 5 . For these Gaussian correlations, in momentum space,
Using eq. (2.3), (2.4) and (2.5) in eq. (2.1), one obtains [22] ,
It is instructive to express the result in eq. (2.7) in terms of the inclusive single gluon spectrum. This result, due originally to Gunion and Bertsch [40] , has been been recovered previously in the CGC framework [5, 35, 41, 42] and is known to have the form
Substituting eq. (2.8) on the r.h.s of eq. (2.7), one obtains
which is the result we noted in eq. (1.4), with 6
Identifying the theoretical error on κ 2 is difficult at this stage from the perturbative computation.
Computing κ 2 non-perturbatively by numerically solving the Yang-Mills equations is the primary objective of this paper. This quantity is not a pure number but can contain 4 The components of this four vector are given explicitly by
In the simplest treatment of small x evolution, based on the Balitsky-Kovchegov equation [11] , Z[ρ] can also be modelled by a Gaussian, albeit one with a non-local variance [37, 39] . 6 In the computation of Ref. [22] , there were numerical errors which gave a significantly larger perturbative estimate for κ2.
interesting structure. In the perturbative calculation, κ 2 is independent of the relative angle ∆ϕ at very large transverse momenta p T , q T ≫ Q s . However, even in the perturbative calculations, one notices that there are finite azimuthal correlations between gluons as one goes away from the limit of asymptotically large transverse momenta. It is important to understand these correlations at momenta of interest to experiment to ascertain whether they have any phenomenological significance. Further, κ 2 can depend non-trivially on the transverse momenta of the pairs and on the energy and centrality of the nuclear collision. Finally, we want to determine whether κ 2 is infrared finite. This was the case for the analogous factor for the non-perturbative single gluon distribution at any finite time [14] ; there is no guarantee that this should be the case for multi-gluon distributions.
Before we end this section, we should mention that perturbative computations were also performed for 3-gluon [32] and n-gluon correlations [33] . The result can be nicely summarized in terms of the cumulants of the multiplicity distribution as [33] 
where
Here ζ, is a non-perturbative coefficient 7 to be determined by numerical solutions of YangMills equations. The expression in eq. (2.11) corresponds to a negative binomial distribution. One can extract ζ from fits to the multiplicity distribution data [34] and compare our non-perturbative result for κ 2 to this value thereby testing the validity of eq. (2.11) for the 2nd cumulant. Our approach can be straightforwardly be extended to higher cumulants but the computations are numerically intensive and will not be considered further here.
Non-perturbative computation
The two gluon cumulant, on dimensional grounds, can always be expressed in the form given in eq. (2.9). However, as we have noted previously, the dimensionless coefficient κ 2 can in general be a function of Q s /p T , Q s /q T , ∆ϕ, Q s R A and m/Q s , where m is an infrared regulator scale that can be added to the MV model. If we assume that m ∼ Λ QCD , the high energy asymptotics of our formalism is m/Q s ≪ 1 and Q s R A → ∞. For A+A collisions at realistic RHIC and LHC energies, one expects m/Q s ∼ 0.2 − 0.1 and Q s R A = 35 − 70 respectively. We will return to the discussion of the infrared scale m later at the end of sec. 4.
For asymptotically large p T , q T ≫ Q s , we anticipate, on the basis of our perturbative results, that κ 2 → constant. For p T , q T ≤ Q s , we will determine the dependence of κ 2 on these ratios. In particular, we would like to determine whether the double inclusive gluon distribution is rendered infrared safe by the non-linearities of the Yang-Mills fields that may generate a mass scale (analogous to a plasmon mass) for finite times τ 1/Q s .
Numerical approach
The numerical solutions of the classical Yang-Mills equations have been discussed at length elsewhere [14, 15, 17] and we will only outline the approach followed here for completeness. In the MV model [1] , the Yang-Mills equations
have the source currents
where the color charge densities ρ 1,2 of the two nuclei are independent static color sources localized on the light cone
. They are distributed with the Gaussian probability distribution
where x T and y T are vectors in the transverse plane. The initial conditions for the solutions of these equations in the forward light cone in the Fock-Schwinger gauge (A τ = 0) are given by
It is convenient in the forward light cone to use the co-ordinate system (τ, η, x T ), where τ 2 = t 2 − z 2 and η = 0.5 ln((t + z)/(t − z)). The Yang-Mills equations in this co-ordinate system are manifestly boost invariant with the gauge fields independent of η, namely,
The symbol P ∓ denotes path ordering in the ∓ directions of the Wilson line V 1,2 respectively, which for nucleus 1 (nucleus 2) have an implicit dependence on x − (x + ) in the solution. We will return to this point at the end of the subsection. A subtle point we would like to emphasize is that the Wilson lines V , in the gauge field solution given by eq. (3.5) for nucleus 1 (nucleus 2) before the collision, are path ordered in x − (x + ). This feature of the continuum solution is implemented by constructing the Wilson lines in consecutive steps representing a discretization of the longitudinal coordinate. On each lattice site x T one constructs random color charges with a local Gaussian distribution
with the indices k, l = 1, . . . , N y representing a discretized longitudinal coordinate. Numerical calculations of the single inclusive gluon distributions previously used N y = 1, whereas the derivation of the analytical expression in eq. (3.5) required an extended source corresponding to the limit N y → ∞. Our normalization is chosen to give
The Wilson lines for the initial condition are then constructed from the sources eq. (3.7) by solving a Poisson equation and exponentiating it to give
(3.9)
Here we have introduced an additional infrared regulator m into the MV model; some kind of infrared cutoff is required for inverting the Laplace operator. The single inclusive gluon distribution, integrated over transverse momenta, turns out to be weakly dependent on the infrared cutoff. One of the central aims of this paper is to study whether this is also the case for correlations. The parameter m plays an important role in the interpretation of our results and we will return to it in our discussion of the results of our computations. We will return to the physical interpretation of the role of the parameter m later in our discussion. For large N y the charge densities ρ k in eq. (3.7) become small, and the individual elements in the product (3.9) approach identity. This is precisely the procedure that leads in the N y → ∞ limit to the continuum path ordered exponential in eq. (3.6).
The previous numerical computations of the single inclusive spectrum defined the gluon multiplicity in a manner that slightly deviates from the definition based on the LSZ formalism in eq. (1.2). In [17] , taking advantage of the equipartition of energy in the classical theory, only the electric field parts of the numerical solution were used. Assuming a free dispersion relation the gluon multiplicity was taken to be 10) where the electric fields E i = τȦ i and E η =Ȧ η /τ are time derivatives of the gauge potentials, defined here with the explicit factors of τ coming from the formulation of the theory in τ, η-coordinates. In Refs. [14, 15] the numerically obtained E-and A-fields were used to determine the dispersion relation of the interacting theory. This was then in turn used to determine the multiplicity, unlike the free dispersion relation assumed in eq. (1.2). In this work we use a definition that corresponds to eq. (1.2) and take the gluon spectrum as dN 14) where the fields are evaluated in the 2-dimensional Coulomb gauge. The interference terms (3.13) and (3.14) are odd under the transformation k T → −k T . They do not contribute when the gluon spectrum is averaged over the angle of k T , integrated over k T or averaged over configurations of the sources. Thus neglecting them was justified when one was interested in the single inclusive gluon spectrum. In the case of two-gluon correlations they cannot, however, be neglected 8 . Due to these interference terms, the symmetry n(k T ) = n(−k T ) does not hold configuration by configuration, but only on the average. Thus the correlation function C(p T , q T ) = C(p T , −q T ). In particular, there is a peak in the correlation at p T = q T , which without the interference terms (3.13) and (3.14) would, by symmetry, imply a similar peak at p T = −q T . The main numerical effect of including these terms is that the backward peak at p T = −q T is significantly depleted.
Parameters in the computation
From the discussion in the previous subsection, the parameters in the numerical lattice computation are
• g 2 µ A , the root mean square color charge density.
• N y , the number of points in the discretization of the longitudinal (x − or rapidity) direction.
• The infrared regulator m. When m = 0, the Poisson equation is solved by leaving out the zero transverse momentum mode. This procedure corresponds to an infrared cutoff given by the size of the system.
• The lattice spacing a.
• The number of transverse lattice sites N T , giving the transverse size of the lattice L = N T a.
Of the dimensionful parameters a, g 2 µ A and m, only the dimensionless combinations g 2 µ A a and ma appear in the numerical calculation. The continuum limit a → 0 is taken by letting N T → ∞ such that g 2 µ A a → 0 and g 2 µ A L = g 2 µ A aN T is a constant. This constant is determined by the physics input of the calculation. We have πR 2 A = L 2 and, as we shall discuss in the next subsection, g 2 µ A is simply related to the saturation scale Q s . The physical combination Q s R A relevant at RHIC and LHC energies will translate into corresponding values of g 2 µL in our computation. In sec. 4, we will explicitly translate our numerical results into physically relevant numbers. We note that there is another dimensionless combination m/g 2 µ A -we will study the sensitivity of our results to this ratio. The root mean squared color charge density g 2 µ A that appears in our Glasma computations can be simply related to the saturation scale Q s extracted from deeply inelastic scattering experiments. In these experiments, the cross section for a virtual photon scattering off a high energy hadron or nucleus is simply related to the dipole cross section of a quarkantiquark pair scattering off the hadron. This "dipole" cross-section is determined, in the CGC formalism, by the correlator of two Wilson lines in the fundamental representation of each of the nuclei before the collision as 15) with the expectation value evaluated with the distribution of the sources. For Gaussian correlators in the MV model of sources extended in the longitudinal direction,
the Wilson line correlators can be computed analytically up to a logarithmic infrared cutoff that must be introduced in solving the Poisson equation in eq. (3.5). The result is
Alternately, the saturation scaleQ s , in the fundamental representation, is defined as the momentum corresponding to the maximum of k 2
is the Fourier transform of eq. (3.15). In this manner, one can relate the saturation scale to the root mean square color charge density.
The saturation scale defined previously is an inverse correlation length associated with the correlator of two Wilson lines in the fundamental representation. In a nuclear collision, it is the saturation scale in the adjoint representation that is relevant. It is defined, equivalently as the momentum corresponding to the maximum of k 2
is the Fourier transform of the correlator of two adjoint Wilson lines
with
With some algebra, in the large N c limit, the adjoint representation correlator can be related to a higher correlator of fundamental representation Wilson lines
In the Gaussian MV model, one obtains
The saturation scale Q s in the adjoint representation, in identical fashion to the fundamental case, is defined as the momentum corresponding to the maximum of k 2 Our definition of the saturation scale is not sensitive to the exact shape of the correlator for very large or small transverse momenta, and for a Gaussian correlator it reproduces the GBW saturation scale as 1/R 2 0 =Q s 2 . For small momenta, the fundamental and adjoint correlators look like Gaussians, which is the form used in the "GBW" fit of DIS data in Refs. [44] . For large momenta there is a power law tail 1/k 4 T that differs from the original GBW fits, but resembles more closely the form required to match smoothly to DGLAP evolution for large Q 2 [45] .
In Ref. [43] , the relation between Q s and g 2 µ A was studied extensively employing numerical lattice techniques. Discretizing the longitudinal distribution of sources as described in eq. (3.7) and constructing the Wilson line as in eq. (3.9), it was shown that Q s ∼ 0.57g 2 µ A for N y = 1. This value was used in the numerical Glasma simulations of the single inclusive gluon spectrum. As we shall see in the following the gluon spectrum, when expressed in terms of the scaling variable p T /Q s , is to a very good approximation independent of N y . This is however not the case for the double inclusive spectrum, which will have a stronger dependence on N y .
Due to the m-dependence of the single inclusive spectrum, the ratio κ 2 defined by eq. (1.4) will depend on m. To study this m-dependence for larger values of N y (closer to the continuum limit in the longitudinal direction), we will need to invert the computation of Q s as a function of g 2 µ to obtain, as a function of m/Q s , the required values of g 2 µ corresponding to a fixed value of Q s . The result of this exercise for Q s = 1 GeV and 3 GeV and using the numerical method employed in [43] is shown in fig. 2. 
Results
We begin the discussion of our numerical results with the single particle spectrum because we are interested in the ratio of the double inclusive spectrum to the single particle spectrum squared. Some of the results for the single particle spectrum are new and have not been published elsewhere. We will then proceed to discuss the double inclusive spectrum and state our results for κ 2 defined in eq. (1.4) .
Single inclusive spectrum
The single inclusive multiplicity in A+A collisions was computed extensively previously by solving Yang-Mills equations numerically. We note that the single inclusive multiplicity computed gives excellent fits to the RHIC multiplicity data [16, 43] with values of Q s for gold nuclei that agree to ∼ 10% with those extracted from extrapolations of HERA data to RHIC [46] . In this sub-section, we will address some details of the computation that have not been presented previously and are relevant for the computation of κ 2 .
In Ref. [43] , the dependence of the single inclusive gluon distribution as a function of N y was not computed. We have done it here and the result is shown in fig. 3 . It shows that the single inclusive spectrum, scaled in units of (p T /Q s ) 2 , shows virtually no N y dependence in particular for the moderate p T region that dominates the integrated multiplicity. We may conclude that it has a weak dependence on N y (for fixed m/Q s ) addressing a concern raised in Ref. [47] . The numerical single particle spectrum in the UV region is sensitive to the lattice spacing a, which, for a fixed value of Q s R A , translates into a dependence on the size of the lattice N T . As shown in fig. 3 , the spectrum approaches the continuum ultraviolet behavior of Q 4 s /p 4 T with increasing lattice sizes from N T = 128 2 to N T = 512 2 lattices. We studied the m/Q s dependence of the single inclusive spectrum for a fixed large N y = 50 and a 512×512 transverse lattice. The result is shown in fig. 4 (left) . For small m/Q s , the dependence of the spectrum on this quantity is quite weak-changing m/Q s by a factor of 2 shows virtually no change in the spectrum. However, some dependence is seen when m/Q s is increased, albeit the dependence is relatively weak in the p T ∼ Q s region which gives the dominant contribution to the integrated multiplicity. It should be kept in mind that the dependence of the spectrum on m/Q s as shown is weaker than a logarithmic dependence even in the region where the dependence is the largest. It might seem counterintuitive that the value of an infrared scale m affects the gluon spectrum at such high momenta. One way to understand this is to keep in mind that the unitarity of the Wilson lines imposes a sum rule on their correlators, eqs. (3.15) and (3.20) . Namely, because C F (x T − y T = 0) = N c , the integral of the momentum space correlator d 2 k T C F (k T ) = (2π) 2 N c is a constant. Thus a modification of the distribution in the infrared will also affect the UV behavior, which is also reflected in the gluon spectrum.
Finally, we plot in fig. 4 (right) the dependence of the single particle spectrum on the other dimensionless combination of scales g 2 µL for fixed m/g 2 µ. (This corresponds to a very good approximation to fixed m/Q s .). Virtually no dependence is seen on this quantity, confirming the expectation that the single inclusive spectrum is completely insensitive to physics on scales corresponding to the size of the system. In summary therefore, the single particle spectrum is most sensitive to physics at the scale Q s , weakly sensitive to physics on the scale m and completely insensitive to physics on the scale 1/R. Figure 4 : Left: The single particle spectrum for different m for N y = 50, N T = 512, and Q s = 1 GeV. The spectrum is again scaled by (p T /Q s ) 2 . Right: The dependence of the single particle spectrum on g 2 µ for a fixed m/g 2 µ.
Double inclusive spectrum
We now turn to the main focus of this study-the non-perturbative double inclusive gluon spectrum in A+A collisions. As in the single inclusive case studied in the previous section, we will first examine the sensitivity of the spectrum to the lattice parameters spelled out in section 3.2. Because the sensitivity of the single inclusive spectrum to these quantities is known to be weak, we will directly plot the dependence of κ 2 (see eq. (1.4)) on some of these quantities. After exploring the sensitivity of our results to lattice artifacts, we will quote results for the physical value of κ 2 , and discuss the implications of our results.
In fig. 5 , we plot the correlated part of the double inclusive spectrum as a function of p T /Q s , the momentum of one of the tagged gluons, while holding the transverse momentum q T /Q s of the other gluon fixed. The spectrum shown, plotted for different values of m/g 2 µ, is scaled by a factor (p T /Q s ) 4 in fig. 5 (left) . From the perturbative computation discussed in section 2, we expect this scaled spectrum to go to a constant value at large p T /Q s . We note that it does so approximately, keeping in mind that the spectrum at large p T /Q s is especially sensitive to lattice artifacts. We also note that the spectrum is weakly dependent on m/g 2 µ. In fig. 5 (right), we also plot the correlated double inclusive gluon spectrum as a log-log plot. In addition to the power law tail, we observe a qualitative change to a softer p T spectrum for p T ≤ 3Q s .
Determining κ 2
In fig. 6 , we study the dependence of κ 2 on the number of transverse N T × N T lattice sites and on N y , the number of points in the longitudinal direction used to construct the path ordered Wilson lines. In the former case, hardly any dependence is seen thereby indicating a rapid convergence to the continuum limit. For longitudinal lattices, one observes a strong dependence for small N y , but a rapid convergence thereafter, with virtually no N y dependence seen for N y ≥ 10 onwards. The dependence of κ 2 on g 2 µL for a fixed value of m/g 2 µ is shown in fig. 7 . As anticipated, the dependence of κ 2 on g 2 µL is rather weak. This further confirms, as suggested previously, that the physics in the infrared is, for a finite m, insensitive to the size of the system R A . Now that we have established the convergence of κ 2 as a function of N y and N T is robust, we should remind the reader that the continuum value of κ 2 , being dimensionless, is most generally expressed as κ 2 (p T /Q s , q T /Q s , ∆ϕ, Q s R A , m/Q s ). In general κ 2 is a function of two 2-dimensional vectors. When one takes into account rotational symmetry, it is a function of three variables and there are many ways to plot such a function. The general structure is illustrated in fig. 8 , where we show κ 2 as a function of |p T − q T | and |p T + q T |. There is a delta-function peak at p T = q T which is clearly visible. The peak is left out in the right hand plot of fig. 8 to better illustrate the remaining structure. As mentioned in sec. 3.1, there is also an enhancement in the correlation in the back-to-back configuration p T = −q T , which can be clearly seen in fig. 8 .
We now address the dependence of κ 2 on m/Q s . We saw in fig. 5 that the double inclusive spectrum had a weak dependence on m/g 2 µ, but the single inclusive spectrum had a slightly stronger dependence. The resulting effect on κ 2 is shown in fig. 9 as a function of p T with q T averaged over the interval [2.9 Q s , 3.1 Q s ] and as a function of the angle between p T and q T . One observes that κ 2 decreases rapidly with increasing m/Q s but converges to κ 2 ∼ 0.5 for larger m/Q s . The interpretation of the m/Q s dependence of the results will be discussed further in the next section.
We can establish from the r.h.s. plot in fig. 9 that κ 2 is nearly constant as a function of ∆ϕ; the strength of the correlation is only weakly dependent on the relative azimuthal angle between pairs of gluons. This result confirms the conjecture in Ref. [22] . Turning to the dependence of κ 2 on p T /Q s , q T /Q s , the dependence is not entirely flat as assumed in Ref. [22] ; nevertheless, despite some structure, the variation of κ 2 with p T /Q s is on the order of 20% for p T /Q s ≤ 4.
Figures 10 and 11 show the effect of taking different configurations of the "trigger" and "associate" transverse momenta p T and q T . In fig. 10 (left) the momentum q T is fixed to three different narrow bins and κ 2 is plotted as a function of p T . Figure 10 (right) shows the dependence of κ 2 on the angle between p T and q T for three different combinations of p T and q T ; either both around Q s , both around 3 Q s or one at Q s and the other one at 3 Q s . In fig. 11 , we show κ 2 for p T and q T having the same value, but with a finite angle between the vectors p T and q T ; showing a strong increase in the correlation for smaller values of the momenta. 
tation of results
We shall now discuss the physical implications of our numerical results for the double inclusive gluon distribution in the Glasma. In the Glasma flux tube picture [22] , as noted in eq. (1.4) previously, it was conjectured that the correlated two gluon spectrum C(p, q) can be expressed as
where κ 2 is a non-perturbative constant which behaves parametrically as N −2 c . The perturbative computation of κ 2 has a logarithmic dependence on p T /Q s and q T /Q s . Modulo Figure 10 : Left: κ as a function of absolute value of one of the momenta, the other being fixed to the specified value. Right: Angular dependence of κ at different absolute values of the momenta. Note absence of δ-function (point at ∆ϕ = 0 outside plotted range on the y-axis) at unequal momenta.
this logarithm, one estimates perturbatively 9 that κ 2 ∼ 0.4.
In comparing our non-perturbative results to the perturbative estimate, we first note that κ 2 is weakly dependent on ∆ϕ and p T /Q s , q T /Q s , just as conjectured in Ref. [22] . Our result for κ 2 is larger than the perturbative estimate, but it has a sensitivity, as shown in fig. 9 , to m/Q s . As noted previously, the double inclusive spectrum by itself has a relatively weak dependence on m/Q s and the dependence on m/Q s in the ratio κ 2 mostly comes from the single inclusive spectrum. Let us now discuss the physical interpretation of this dependence.
Recall that in our computation m appeared as a cutoff inserted into eq. (3.9) to invert the Laplace operator. It regulates the long distance Coulomb tails of the color field 10 . In the context of the MV model, this scale appears as an additional external parameter, whose value is not determined within the model itself. Thus it is not completely clear whether the scale m should be thought of as the confinement scale or a scale of order Q s . In a straightforward implementation it is natural to think of m as a cutoff imposing color neutrality at the size of a nucleon. This is indeed the picture used for instance in Refs. [18] .
This picture does not, however, take into account color screening effects coming from quantum evolution effects (virtual and radiative corrections) that are described by the JIMWLK and BK equations. At RHIC energies they may not be very important but will be extremely important at LHC energies. The effect of color screening of the correlators has been considered previously [48] (see also the discussion in Ref. [33] ) and it is argued that quantum evolution effects regulate the infrared behavior of the color charge density correlator at a scale that is also parametrically of the order of Q s . This is not a purely classical effect arising from non-linear Yang-Mills dynamics but from a combination of rescattering and quantum evolution effects. To determine the "correct" value of m in this context it is thus necessary to go beyond the MV model and include the effects of high energy evolution. A systematic numerical study of the two gluon correlation when high energy evolution effects are included is beyond the scope of this work.
A practical way to address this question in our simulation is to note that for a geometrical flux tube picture to be valid the two particle cumulant should be given by the size of the flux tube S ft (representing the transverse range of color correlations) divided by the transverse area of the system times a number of order unity. We can make this logic explicit by expressing the size of the typical flux tube as
For the range of m/Q s = 0.1-0.5 considered, κ 2 ≈ 2 -0.5 converging rapidly to the latter value for increasing m/Q s . The effective scale governing correlation strengths of unit strength is then 1/ √ S ft ≈ 0.7-1.4 Q s . This scale, although not numerically very large, is nevertheless a semi-hard scale and corresponds to transverse distances much smaller than the nucleon size, thereby confirming the picture of early times in the Glasma as classical field configurations that are coherent over transverse distances much smaller than a nucleon.
Let us then turn to a comparison with the RHIC data on two particle correlations. The experimentally observed quantity is ∆ρ/ √ ρ ref. for α s = 0.5 and where the superscript denotes that this is a crude estimate extracted from experiment using a blast-wave parametrization. For an average blast wave radial velocity V r = 0.6, this gives κ BW 2 ∼ 1.5; for V r = 0.7, one obtains κ BW 2 ∼ 1. There is considerable variation therefore in the value of κ BW 2 obtained from the ridge data due to the final state flow parametrization.
An alternative method to extract κ 2 is to compare the expression for the negative binomial multiplicity distribution (cf. eqs. (2.11)-(2.12) in the Glasma [33] to PHENIX data [34] on the same. From this comparison, one obtains κ NBD 2 ∼ 3.9.
(5.5)
One sees therefore considerable variation in the extraction of κ 2 from experiment within the present framework. Within the many uncertainties, one can say at best it is a number of order unity. Our study suggests that a coherent picture of such correlations from RHIC and higher LHC energies can in principle provide unique information on color screening of strong fields at early times in heavy ion collisions. An objective of this study is also to proceed in the opposite direction, namely, to determine κ 2 from a non-perturbative computation and use this as input into a dynamical space-time evolution model. As guide to this future program is the work in Ref. [49] , where two particle correlations are extracted from the hydrodynamical evolution of flux tube structures in A+A collisions.
Summary
In this paper, we investigated the validity of the Glasma flux tube scenario of multi-particle correlations by performing a non-perturbative numerical computation of double inclusive gluon production in the Glasma. Our results were obtained by solving Yang-Mills equations on a space-time lattice for Gaussian distributed color source configurations with a variance proportional to the saturation scale Q 2 s . Our results confirm key features of the Glasma flux tube scenario. Particles produced from coherent longitudinal electric and magnetic fields in transverse regions of size ∼ 1.4/Q s -1/2 Q s , much smaller than the nucleon size, have correlations of unit strength. As in the asymptotic perturbative estimates, particles produced from the flux tubes are uncorrelated in the relative azimuthal angle between the particles, the observed azimuthal collimation being produced later from radial flow. The correlations show non-trivial structure in p T and q T , which smoothly go over to perturbative results in the limit of p T /Q s ≫ 1, q T /Q s ≫ 1. Our results for the two particle correlation strength are consistent with estimates of the strength extracted from model comparisons to RHIC data. A useful extension of this work is to incorporate our results into more detailed hydrodynamical models of the space-time evolution of initial state correlations.
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A. Lattice formulation
The Yang-Mills equations can be formulated as Hamilton's equations of motion. To preserve gauge invariance, they are solved numerically on a lattice where the degrees of freedom at a site i are the link variables
where a is the lattice spacing on a transverse lattice. The appropriate discretized lattice (Kogut-Susskind) Hamiltonian in our case is given by
